Generating one-month-ahead systematic (beta) risk forecasts is common place in financial management. This paper evaluates the accuracy of these beta forecasts in three return measurement settings; monthly, daily and 30 minutes. It is found that the popular Fama-MacBeth beta from 5 years of monthly returns generates the most accurate beta forecast among estimators based on monthly returns. A realized beta estimator from daily returns over the prior year, generates the most accurate beta forecast among estimators based on daily returns. A realized beta estimator from 30 minute returns over the prior 2 months, generates the most accurate beta forecast among estimators based on 30 minute returns. In environments where low, medium and high frequency returns are accurately available, beta forecasting with low frequency returns are the least accurate and beta forecasting with high frequency returns are the most accurate. The improvements in precision of the beta forecasts are demonstrated in portfolio optimization for a targeted beta exposure.
Introduction
Forecasting systematic risk (beta) has played an important role in financial management since the development of the Capital Asset Pricing Model (CAPM) of Sharpe (1964) and Lintner (1965) , where beta is defined as the ratio of a security's return covariance with the market return to the variance of the market return. The most common forecasting approach is that of Fama and MacBeth (1973) which uses monthly returns over the prior 5 years to compute this ratio. The popularity of this approach is due to historically there often being ready availability of monthly returns, rather than a strong econometric justification. However, in recent years the tremendous growth in availability of financial data has led to accurate higher frequency stock returns to be more accessable to forecasters of beta.
In response to this growth in availability of quality higher frequency financial data, the literature in financial econometrics has developed with new estimators and evaluation criteria for higher frequency data. Most notable has been the development of the realized volatility literature and the realized beta literature. The realized volatility literature was initiated by Andersen and Bollerslev (1998) and Andersen et al. (2001a Andersen et al. ( , 2001b Andersen et al. ( and 2003 .
The realized beta literature was initiated by Barndorff-Nielsen and Shepherd (2004) and Andersen et al. (2005 and .
In this paper, forecasting beta risk for one-month-ahead is analyzed, following recent developments in the realized beta literature. The one-month-ahead forecast horizon is chosen due to its widespread use in the financial management industry, in particular in portfolio management where forecasts of beta play an important role in portfolio construction for a targeted beta exposure. Forecasting beta with low, medium and high frequency stock returns are considered, corresponding to monthly, daily and 30 minute returns. Beta estimators from monthly stock returns are analyzed as for illiquid stocks, monthly returns are more reliable than higher frequency returns. For relatively liquid stocks, daily returns can be accurately measured and this paper demonstrates large improvements in beta estimators from daily stock returns, relative to beta estimators from monthly returns. Beta estimators from higher frequency (30 minute) stock returns are also analyzed as for very liquid stocks such as stocks currently in the S&P500 index, returns can be accurately measured at this frequency. Models evaluated include constant beta models, autoregressive models of realized beta and mixed-data sampling (MIDAS) models. Ghysels (1998) with monthly stock returns finds constant beta models to be more accurate in forecasting beta, relative to time-varying beta models. The results of this current study find that for constant beta models estimated with monthly stock returns, an estimation period of 60 months, following Fama and MacBeth (1973) delivers the most forecast accuracy. In the setting of daily stock returns, this study finds that a constant beta model estimated over the prior year, delivers the most accuracy in forecasting beta for one-month-ahead. In the setting of 30 minute stock returns, a constant beta model estimated over the prior two months, delivers the most accuracy and provides better performance relative to the autoregressive models of monthly realized beta. Andersen et al. (2006) , Ghysels and Jacquier (2006) and Hooper et al. (2008) were the first to study the forecasting ability of autoregressive models of realized beta.
In addition to analyzing the beta forecasting error of the various approaches, the methods are also examined in the setting of asset allocation and portfolio optimization.
It is found that the approaches with lower beta forecast error, typically result in superior performance in constructing optimal portfolios, with the constant beta model estimated over the prior two months of 30 minute returns producing the best results overall. This paper is organized as follows. Section 2 discusses the construction and justification of realized betas and section 3 describes the data. Section 4 evaluates a variety of beta forecasting approaches. Section 5 analyzes the beta forecasting approaches in portfolio optimization and section 6 concludes the paper.
Realized Beta Measurement
Following Barndorff-Nielsen and Shephard (2004) and Andersen et al. (2006) we assume the N × 1 vector of security log price's p(t), follows a multivariate continuous-time stochastic volatility diffusion, dp(t) = µ(t)dt + θ t dW (t)
where W (t) is standard N-dimensional Brownian motion, ω t = θ t θ t is the instantaneous covariance matrix and µ(t) is the N-dimensional instantaneous drift. Both ω(t) and µ(t)
are strictly stationary and jointly independent of W (t). Let the i th element of p(t) contain the log price of the i th individual stock, and τ donate a certain period, e.g., one day. The continuously compounded return over the τ -period for a security i can be written as
Let the N th element of p(t) contain the log price of the market, then the realized beta of a security i, can be defined as the ratio of the realized covariance of security i and the market index N to the realized variance of the market index N , expressed as:
which is a consistent estimator of the true underlying integrated beta, (see BarndorffNielsen and Shephard (2004) for details.)
Data
In this study, betas are analyzed for stocks trading in the Dow Jones Industrial Average Index (DJIA). Low, medium and high frequency stock returns are available for these stocks due to their high liquidity, over the entire sample period. Our study covers the period from 2nd Jan 1998 to 31st Jul 2009 which includes 24 stocks, listed in 
Forecast Evaluation
The primary forecasting approach considered for monthly one-step-ahead beta forecasts is from constant beta models. Two types of constant models are utilized; the Fama and MacBeth (1973) regression and the Barndorff-Nielsen and Shephard (2004) realized beta. In addition, when appropriate, autoregressive models of realized beta are considered following Andersen et al. (2006) and Hooper et al. (2008) and also the mixed-data sampling (MIDAS) models introduced by Ghysels et al. (2005 and .
Constant beta models have been the dominant forecasting approach for beta since the 1970's. The Fama and MacBeth (1973) beta is still the most widely used approach.
Ghysels (1998) with monthly stock returns demonstrates the dominance of constant beta models over time-varying beta models. More recently, Reeves and Wu (2013) for quarterly beta forecasting demonstrate a constant beta model dominating the autoregressive models of realized beta studied in Andersen et al. (2006) and Hooper et al. (2008) . Continuing this research, this paper focuses on monthly beta forecasting, with low, medium and high frequency stock returns.
The Fama and MacBeth (1973) regression model for β i is:
where r i,t and r m,t are the time t security i return and market return, respectively, measured at the monthly frequency, and the one-month-ahead β i forecast is computed from running the regression over the previous n months. In our study the values of n are 24, 2, 3, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22 and 24 months and is denoted by 1M(30m), 2M(30m), ... , 24M(30m).
In the setting of 30 minute returns we also consider autoregressive models (AR(p)) of realized beta. These are not considered in the daily and monthly return measurement settings as there are insufficient return observations to compute a monthly realized beta for autoregressive modeling. With 30 minute returns there are approximately 280 observations per month. These realized betas are modeled with the following autoregressive specification for for β i,t :
and the one-month-ahead forecast is based on estimation over the prior n months, for n = 24, 48, 72 and 100.
The MIDAS approach of Ghysels et al. (2005 and allows the estimation using data at different frequencies. In our framework, this approach allows us to forecast betas measured at lower frequencies using those measured at higher frequencies. Specifically, we use weekly realized betas to forecast monthly ones. Following Ghysels and Jacquier (2006) , the MIDAS regression in our paper can be formulated as follows:
where the notation t − κ/week lag operates according to the weekly sampling frequency.
β i,t is the monthly realized beta as before and the regressors,β i,t−κ/week , κ = 1 . . . , κ max are the weekly realized betas measured based on 30 minute returns within the week.
κ max is the maximum number of lags used in the MIDAS regression and we consider 4, 8, 12, 16, 20. B(κ, θ) is a function of parameters θ that need to be estimated.
As one considers more lags, the number of parameters might increase, causing a curse of dimensionality. One of the advantages of the MIDAS is approach is that it solves the curse of dimensionality problem by considering a tightly parameterized function of θ and, thus, substantially decreasing the number of parameters to be estimated. The parameterization scheme that we utilize is the "Exponential Almon Lag" with a lag order of two, i.e. B(κ, θ) = exp θ 1 κ + θ 2 κ 2 / κmax κ exp θ 1 κ + θ 2 κ 2 . However, the parameter estimates are known to be sensitive to the initial starting values. To overcome this issue, we search over potential starting values for the parameters based on simulated annealing.
Estimation is over data commencing from the start of the sample period.
One-month-ahead forecasts of beta for each of our stocks are evaluated by two alternative measures; Mean Squared Error (MSE) and Mean Absolute Error (MAE). The MSE and MAE are calculated as follows:
where m is the total number of forecasting periods, β i,j is the forecasted i th stock's j th period beta and β i,j is the monthly realized beta computed from 30 minute returns for the i th stock in the j th period. The forecast evaluation period is over 40 months from May 2006 to July 2009 and the β i,j are displayed in figure 1.
The MSE and MAE for each stock over a range of models are displayed in tables 2 and 3, with the lowest forecast error for each stock in bold. The 2m(30m) model produces the most accurate forecasts, followed by the 4m(30m). Over our 24 stocks, the 2m(30m) and 4m(30m) models produce the lowest MAE for 10 and 5 stocks, respectively. And similar results are found when the forecast evaluation loss function is MSE.
Tables 4 and 5 display the MSE and MAE averaged over all stocks, for each forecasting approach. The 2m(30m) has the lowest MAE, followed by the AR(3) with n=48 and the 1m(30m). A similar ordering occurs with MSE, though the AR(3) with n=48 has a slightly lower MSE than the 2m(30m). The MIDAS models perform relatively poorly when compared to the other approaches that utilize 30 minute returns. The MAE of the best MIDAS model is 0.2136, whereas the MAE of the 2m(30m) model 0.1681.
When only models using daily returns are considered, the 12M(Daily) produces the most accurate forecasts, delivering the lowest MSE and MAE. When only models using monthly returns are considered, the 60M(Monthly) produces the most forecast accuracy, delivering the lowest MSE and MAE. When both daily and monthly returns are available, the best forecaster from using monthly returns, generates a MSE over double that of the best forecaster from using daily returns. i.e. the MSE of the 60M(Monthly) is 0.1563 versus a MSE of 0.0741 for the 12M(Daily) model.
In addition, the Diebold and Mariano (1995) test (DM test) is used to examine if a given beta forecast is statistically different than an alternate forecast. The DM test is a simple and model free test of equal predictive accuracy, i.e. equal expected loss.
In essence, it is simply an asymptotic z-test of the hypothesis that the loss functions evaluated at errors from two forecasts have the same mean. Specifically, let ε In table 8 we rank stocks by their 2M(30m), 12M(Daily), AR(3) with n=48 and 60M(Monthly) beta forecasts. As this is common practice in investment management, it provides an economic interpretation to the variability of the beta forecasts. Most notable is the substantial difference in the 60M(Monthly) rank, relative to the other methods.
For example, the Exxon Mobil Corporation beta forecast for July 2009 is 0.5151 from the 60M(Monthly) placing it as second ranked, whereas the beta forecast is 1.0962 from the 12M(Daily) placing it as fifteenth ranked.
Portfolio Optimization
In this section, we consider an application of the beta model in asset allocation and portfolio optimization. Since portfolio systematic risk is measured by the portfolio beta, and the portfolio beta is the weighted average of individual stocks' beta in that portfolio, accurate beta measurement is essential to the evaluation of portfolio systematic risk.
There is considerable evidence that superior returns to investment performance are elusive and in practice, managers are often evaluated relative to a certain benchmark, such as a market index. Therefore one of their primary objectives is to minimize the portfolio's volatility, while maintaining the same risk as the market. In the following, we consider a professional investment manager who is trying to construct a portfolio with beta equal to one, and minimizing the volatility of her portfolio at the same time. We then evaluate which beta forecasting approach generates the optimal portfolio, as in Ghysels and Jacquier (2006) .
Let R t denote the 1 × 24 vector of individual stock returns on day t. On the first day t of every month m, the manager will use the return series to estimate covariances and generate a covariance matrix forecast Ω m for month m. After that, to construct the minimum tracking error variance portfolio in month m, the manager simply applies the following weights with the 24 DJIA stocks:
where 1 is a 24×1 vector of ones and β is a vector of 24×1 vector of individual stock betas.
This weighting scheme follows from the global minimum variance portfolio, subject to the constraints that the portfolio weights sum to one and the portfolio beta is equal to one.
The portfolio is held for one month and its realized return is recorded. This procedure begins when the manager has sufficient data to estimate the covariance matrices and it is repeated at the beginning of every month. The optimal portfolio weights vary through time as the covariance matrix estimate changes. Thus, for each estimation method, the manager has the ex-post performance of its minimum tracking error portfolio, which is rebalanced monthly, and then uses the ex-post beta of its minimum tracking error volatility portfolio as a measure of the precision of the covariance estimator.
We use three different methodologies to estimate the covariance matrix for different beta forecasting models. We start with the covariance matrix from individual stocks' monthly returns. With the monthly returns from the previous 5 years, we construct the portfolio's monthly sample covariance matrix (Ω R t,M onthly ).
where R m−j is the 1 × 24 vector of stock monthly returns in the month of m − j, (R) is the in-sample historical average of these monthly return vectors, and T is the sample size of the estimation window. For example, if we use the monthly returns from the last five years, T is equal to 60. This sample covariance matrix is used to predict the variances and covariances for the next month and also to optimize the weights of each stock in the portfolio as defined in equation (9).
The second monthly covariance is based on daily returns as in Liu (2009) , where he shows that the monthly covariance matrix can be obtained from the daily returns by simply summing up the daily sample covariance estimates within a month. We denote this estimate as it as (Ω R Daily ) . This covariance matrix is used to optimize the weights of each stock in a portfolio by estimating the stocks' monthly beta from daily returns.
where R j,m is the 1 × 24 vector of stock returns on day j in month m, R m is the in-sample daily average returns, and N the number of days in a month.
Thirdly, because of the benefits of using high-frequency data to estimate the covari-ance matrix, demonstrated in Sheppard (2006) and Liu (2009) , we generate the monthly realized covariance matrix (Ω R Intraday ) using 30 minute returns, so that we can construct the optimal portfolio from intraday data. Following Andersen et al. (2001b) , we estimate the monthly covariance matrix by using the 30 minute returns from the previous month:
where K is the total number of 30 minute stock returns in a trading day, T is the total number of trading days in a month, and R k,j,m is the 1 × 24 vector of 30 minute stock returns at interval k on day j in month m. In our sample, we have 13 30 minute returns in a single trading day, and about 21 trading days in a month to estimate the monthly covariance matrix.
With the corresponding covariance matrix computed from returns from the same frequency as the returns generating the beta forecasts, we then evaluate the portfolio optimization for the autoregressive beta models and constant beta models. Our sample is from January 2002 to July 2009 and our criteria of forecasting performance is MSE and MAE from the difference between the monthly portfolio realized beta (computed from 30 minute returns) based on the optimal portfolio weights and the target portfolio beta of one.
The results are shown in table 9, where we report the mean, minimum, maximum, and standard deviation of the realized betas on all the optimal portfolios from different models and data frequencies. We also report the MSE and MAE of the realized betas relative to the target beta of one. In Panel A, we compare different models based on intraday data. The smallest MSE occurs with the high frequency constant beta model using the previous 2 months of 30 minute intraday returns. This approach also has the smallest MAE. The mean of the 2M(30m) constant beta model's realized portfolio beta is 0.995 in the evaluation period, and the MSE is very close to 0. Panel A also shows that the performance from the AR models is worse than the constant beta model based on intraday data. For example, the MSE of 2M (30m) with monthly data over 60 months cannot produce better performance than the best model based on intraday or daily data in terms of the MSE and MAE of the optimal portfolios, it is better than most of AR models from intraday data. For example, the Fama-MacBeth model with the monthly returns from the last five years has a mean portfolio realized beta closer to one and lower MSE and MAE of forecasting errors compared to the AR (3) model. However, the reported MSE of 60M(Monthly) is about 10 times higher than the 12M(Daily) model and 20 times higher than the 2M(30m) model.
Conclusion
This paper demonstrates that when reliable higher frequency returns are available, these will deliver more accurate one-month-ahead beta forecasts, relative to forecasts from returns measured at a lower frequency. With reliable 30 minute returns, a constant beta model over the prior two months, delivers the most accurate one-month-ahead beta forecast. When the highest reliable return frequency measurement is daily, a constant beta model over the prior twelve months delivers the most accuracy for the one-month-ahead beta forecast. When the highest reliable return frequency measurement is monthly, the Fama-MacBeth constant beta model over the prior 60 months, delivers the most accurate one-month-ahead beta forecast. We also demonstrate that these beta forecasting results extend to portfolio optimization when a desired portfolio beta exposure is being targeted. The AR(p) forecast is based on the previous 48 months of realized beta (computed from 30 minute returns over the month.) The 1M(30m) forecast is the realized beta computed from 30 minute returns over the previous month. Similarly, the 2M(30m) forecast is the realized beta computed from 30 minute returns over the previous 2 months, and so on. The 3M(Daily) forecast is the realized beta computed from daily returns over the previous 3 months. Similarly, the 6M(Daily) forecast is the realized beta computed from daily returns over the previous 6 months, and so on. The 60M ( The AR(p) forecast is based on the previous 48 months of realized beta (computed from 30 minute returns over the month.) The 1M(30m) forecast is the realized beta computed from 30 minute returns over the previous month. Similarly, the 2M(30m) forecast is the realized beta computed from 30 minute returns over the previous 2 months, and so on. The 3M(Daily) forecast is the realized beta computed from daily returns over the previous 3 months. Similarly, the 6M(Daily) forecast is the realized beta computed from daily returns over the previous 6 months, and so on. The 60M ( The AR(p) forecast is based on the previous n months of realized beta (computed from 30 minute returns over the month.) The 1M(30m) forecast is the realized beta computed from 30 minute returns over the previous month. Similarly, the 2M(30m) forecast is the realized beta computed from 30 minute returns over the previous 2 months, and so on. The 1M(Daily) forecast is the realized beta computed from daily returns over the previous month. Similarly, the 3M(Daily) forecast is the realized beta computed from daily returns over the previous 3 months, and so on. The 24M ( The AR(p) forecast is based on the previous n months of realized beta (computed from 30 minute returns over the month.) The 1M(30m) forecast is the realized beta computed from 30 minute returns over the previous month. Similarly, the 2M(30m) forecast is the realized beta computed from 30 minute returns over the previous 2 months, and so on. The 1M(Daily) forecast is the realized beta computed from daily returns over the previous month. Similarly, the 3M(Daily) forecast is the realized beta computed from daily returns over the previous 3 months, and so on. This table presents the p-value of the Diebold-Mariano test statistics on squared forecasting errors for comparing forecasting accuracy for 6 paris of beta estimation models of one-month-ahead forecasting. Values in bold represent two-tailed rejection of equal predictive accuracy at the 5% confidence level. The AR(3) forecast is based on the previous 48 months of realized beta (computed from 30 minute returns over the month.) The 2M(30m) forecast is the realized beta computed from 30 minute returns over the previous 2 months. The 12M(Daily) forecast is the realized beta computed from daily returns over the previous 12 months. The 60M(Monthly) is the Fama-MacBeth forecast based on the previous 5 years of monthly returns. The forecast evaluation covers the period Jan 2002 through to July 2009. This table presents the p-value of the Diebold-Mariano test statistics on absolute value of forecasting errors for comparing forecasting accuracy for 6 paris of beta estimation models of one-month-ahead forecasting. Values in bold represent twotailed rejection of equal predictive accuracy at 5% confidence level. The AR(3) forecast is based on the previous 48 months of realized beta (computed from 30 minute returns over the month.) The 2M(30m) forecast is the realized beta computed from 30 minute returns over the previous 2 months. The 12M(Daily) forecast is the realized beta computed from daily returns over the previous 12 months. The 60M(Monthly) is the Fama-MacBeth forecast based on the previous 5 years of monthly returns. The forecast evaluation covers the period Jan 2002 through to July 2009. The 60M(Monthly) is the Fama-MacBeth forecast based on the previous 5 years of monthly returns. The AR(3) forecast is based on the previous 48 months of realized beta (computed from 30 minute returns over the month). The 12M(Daily) forecast is the realized beta computed from daily returns over the previous 12 months. And the 2M(30m) forecast is the realized beta computed from 30 minute returns over the previous 2 months. 
